The experimental results relating to the beambeam interaction in electron storage rings and the ISR (p-p collisions) are considered. The question of whether or not stochasticity is implied by these results is discussed. It is argued that all the available evidence on the beam-beam limit is not inconsistent within an isolated resonance framework. A model which qualitatively fits the observations, one which is derived from classical resonance theory, is proposed.
Introduction
Observations on the effects of the electromagnetic interaction between two colliding beams have been made for electrons and positrons colliding head-on 13 and for coasting proton beams4-7 colliding at a large angle. It is found that the primary parameters determining the beam lifetime are the strength of the interaction and the operating tunes of the beams. There is thus a qualitative similarity between e+e collisions and p-p collisions. However, in e+e7 collisions, we are dealing with beam-beam strengths almost two orders of magnitude larger than for p-p collisions and lifetimes at least an order of magnitude less. Nonetheless, the electromagnetic interaction is essentially the same and we expect the influence to arise from the same source.
Although it is apparent that the nonlinear reson- ance excitation characteristic of the interaction of two beams plays a dominant role, the to the beam-beam strength, but on the contrary can be described in terms of an isolated resonance framework.
Such a description does not contradict the conclusions arrived at in numerical experiments, but rather supercedes them.
As we have already pointed out, e+e-and p-p collisions as they exist have greatly different strengths as well as beam lifetimes. A satisfactory theory must however be able to unify the observations of these two diverse systems into a common base, We propose here that the common base is simply the process of resonant lock-in.10"13 Thus, we have the following picture: There is a particle distribution in betatron amplitude. The beambeam strength parameter and the tune determine the amplitude of lock-in islands. For beam-beam resonances these produce only small amplitude modulation if the external parameters (tune and beam-beam strength) are fixed in time. However, as these parameters change, particles can be trapped in the stable islands and be transported to larger amplitudes. Thus, a small fraction of particles can be lost. Continued loss is caused by a resonance feeding process, with trapping and transport to the physical aperture repeating.'5'9
The element common to electron collisions and proton collisions is the resonant lock-in process. The factors which give them their distinctly different behavior are (1) the mechanism for time variation of external parameters and (2) the resonance feeding mechanism. For electron collisions, it is the synchrotron motion that induces a time variation of tune and beam-beam strength, while resonance feeding is a result of quantum fluctuations.20 For proton collisions, the beams are coasting and the beam-beam strength is fixed in time. Both resonance crossing (trapping and transport) and resonance feeding are a consequence of the fluctuations of tune arising from intra beam scattering via the chromaticity. 6 17 19 In Section 2, we review the trapping theory for 
Trapping-Amplitude
Since the detuning is much larger than the resonant width function, the island amplitude is determined essentially independent of the latter. It is found that the amplitude of the trapping island, a, is given by the solution of the equation,15
where 6rev means the rate of change per revolution, and Rp(a) is a function related to the resonant width function and the nonlinear detuning, and is plotted for a few even resonances in Lifetime estimates are complicated by the fact that the resonance influences only a select group of particles within a six dimensional phase space in the three dimensions, horizontal and vertical transverse as well as longitudinal (synchrotron). Thus, the lifetime must reflect a feeding into an intersection of three spaces. Generally, the quantum lifetimes for the three spaces, when there are no resonance effects, are independent and can be determined separately.
Because of the complicated nature of the impact of the beam-beam resonances on the lifetime, we will be content with showing how particular particles in synchrotron and betatron phase space can have a resonance aperture well within the physical aperture. For this purpose, we consider only one dimensional resonances and ideal collisions. The latter implies only even-ordered resonances.
SPEAR: In SPEAR,1 the dominant source of external parameter time modulation is the g modulation at twice the synchrotron frequency due to an effect paused by the low ,B 21 In gn interaction with low , , meaning essentially that < . rms bunch length, then the strong beam strength parameter, 5, depends on the azimuthal position of the weak beam particle relative to the synchronous particle. This is a result of the significant 0 change along the bunch length coupled with the changing density distribution as the weak beam particle passes through the strong beam. For an ideal collision, where the centers of the two bunches coincide at the minimum ,, a particle at the azimuthal center of one bunch sees the maximum density of the other bunch at the minimum 0, , . However, particles at azimuths different from the synchronous particle see the peak density at higher values of ,, and so the force over the collision region is larger. Thus, t modulates as particles execute synchrotron oscillations. For a symmetric distribution around the synchronous particle, the frequency of the modulation is twice the synchrotron frequency.
A particle can now be designated by three parameters v, g, and k, the particle's synchrotron amplitude (in units of the rms beam synchrotron amplitude). At each instant, certain particles in betatron phase space will be affected by the resonance. We will treat the case of the 8-th order resonance. Since SPEAR has two collisions per revolution (M=2), this occurs at 1/4 integer tune (i.e., D-E= 5.25). The amplitude path can be traced by solving (2.1) for a. Thus, the t.h.s. of (2.3) can be treated as a function of a, which we call r(a). In Fig. 4 we compare r(a) (for some representative values of v, g and k) with R8(a) (for a ribbon beam). Note the high sensitivity to the strength parameter, t. It is also evident that the rate of g variation is such that higher order resonances will play only a minor role unless t is substantially larger than t t-0.03. We might expect a beam-beam limit from the 8-th order resonance somewhere in this area. Beam loss is a consequence of r remaining below R as C moves to the physical aperture from the initial trapping amplitude. Beam growth occurs if, after trapping, the R curve is crossed, allowing particles to leak out of the trapping island at a larger amplitude.
ACO: In ACO,2 the dominant modulating source is the tune modulation due to the chromaticity. Using ACO parameters, we can plot curves analogous to those for SPEAR. These are given in Fig. 5 . We see that for small t (e.g., g = 0.015), transport to the aperture for even the 6-th order resonance does not occur. However, beam size growth can occur, with substantial effect seen due to the 6-th and 8-th order resonances. Thus, a qualitative picture of ACO near the beambeam limit emerges. At a certain g level, beam size growth results. Then, as g increases, the beam lifetime diminishes as resonance apertures appear within the physical aperture. As high order resonance stopbands appear and grow, the regions of operating tune shrink.
Note that because of the more rapid rate of variation of g in SPEAR as compared to the tune rate in ACO, for similar strengths, we expect the higher order resonances to play a more significant role in ACO. This is seen by comparing Fig. 4 for SPEAR with Fig. 5 for ACO.
Proton Collisions
For high symmetry collisions such as at the ISR, [4] [5] [6] [7] where Mt48, resonance excitation occurs by virtue of deviations from ideal collisions. The main source of excitation in p-p collisions is orbit misalignment at the interaction points. Thus, the dominant excitation is due to odd-ordered resonances.
It has become apparent that resonance feeding in coasting proton beams could be mediated by a particle scattering process in the intense ISR beams. In particular, intrabeam scattering, the dominant of such scattering processes, can induce momentum diffusion and through the chromaticity, tune drift. In this way, particles are fed into the resonant tune range. '6"7"9 However, bringing the particles into resonance is not enough. In a coasting proton beam, where there is no periodic tune modulation, such as is caused by the synchrotron motion in a bunched beam, we might expect that in the presence of sufficient nonlinear detuning, the resonances would be quite harmless, producing only a small betatron amplitude modulation. This is the case for beam-beam resonances. Thus, it has been suggested that, in addition to feeding the resonance, the combination/of tune diffusion and resonant streaming can produce amplitude growth sufficient to reach the physical boundary.22
By using a random walk model for the intrabeam scattering,16 we can estimate the resulting tune drift and the rate of tune variation, these parameters governing the movement of trapping islands in the betatron phase space and determining whether or not a given particle will be trapped in an island. It is important to recognize that the process of tune drift is a random one and therefore each particle will have a complicated time dependence of its tune. However, since each momentum step is equivalent to a small quadrupole, since there are many steps per revolution, on the average tending to cancel, and further since the tune shift is by definition a vector sum of these quadrupoles over a revolution, then we can represent the tune shi ft, not by the quadrupole fluctuations within the revolution period, but rather by the sum, i.e. the tune drift. In other words, the distribution in tune drift after one revolution (many steps) is a representation of the tune speed distribution. where A is the total tune spread in the beam (assuming a uniform distribution), 6 is the distance in tune to the aperture, and can be obtained from Fig. 1 (ribbon beam) as the tune distance corresponding to the distance from an initial trapping amplitude to the aperture amplitude, and PT is the trapping probability.
The instantaneous trapping probability is simply the number of particles instantaneously in the islands at some amplitude. For a Gaussian amplitude distribution, we plot in Fig. 6 Fig. 3(b) in Fig. 7 depleted by the resonance. The loss rate over a long time will therefore be determined primarily by the feeding process, a part of which is reflected in halo formation.
Because of the maximum in the resonance functions, see Fig. 3b , a sufficiently small excitation strength will remove the trapping potential from a resonance. The trapping region shrinks to zero, leading to a tolerance on <cy>rms. Taking the rms beam size to be, a = 1.62 mm, the tolerances on the rms orbit alignment are found to be 0.05 mm for the 5-th order resonance and 0.13 mm for the 7-th.
Conclusions
The isolated resonance theory presented here gives results qualitatively in agreement with observations at both electron rings and the ISR. 
